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A B S T R A C T  

In this paper we study [nr] m = Ek-~(mod,.)(~) where m > 0, n /> 0 

and r are integers. We show that [~] m (m > 2) can be expressed in terms 
of some linearly recurrent sequences with orders not exceeding ~(m)/2.  
In particular, we determine [hi 12 explicitly in terms of first order and 
second order recurrences. It follows that for any prime p > 3 we have 

2 p-lp - 1 ------- 2(-1)(P-1)/2 E 2k--(--1)kl 
l~k~(p+l)/6 

- -  (modp) 

and 

E 3k -- k _ E -~--(-1)k (modp). 
O,~k(p/2 O(k(p/6 

1. I n t r o d u c t i o n  

Let  N =  { 0 , 1 , 2 , . . . }  a n d Z  + =  { 1 , 2 , 3 , . . . } .  F o r m E Z  + , n c N a n d r e Z , w e  

set  

(~1) [r ~] : ~oa ~ - Y~ ( ~ ) ~ m  
m k=o ?" m k=o 

k ~ r  (rood m) k ~ r  (rood m) 
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It is interesting to determine these two kinds of sums, which are closely related 

to various number-theoretic quotients (see [W], [SS], [S1-3] and [Sul]), values 

of Bernoulli and Euler polynomials at rational points (cf. [GS] and [Su3]), S. 

Jakubec's investigation ([J]) of divisibility of the class number of a real cyclo- 
tomic field of prime degree, and C. Helou's study of Terjanian's conjecture con- 
cerning Hilbert's norm residue symbol and cyclotomic units (see Proposition 2 

and Lemma 3 of [HI). Observe that 

Let k, m E Z and m > 2. Write 

(1.5) wn(k,m)= ~ Dik I 4cos 2 4cos 2 f o rnEZ ,  
O(j(m/2 
( j ,m)=l 

Also, 

n 
(1.2) [Him= [ n n r ] m  and [nr+ 1],  = [ rn]m+ [ r - 1 I r a "  

So, it suffices to determine [:] m with n odd. If n > 0 then 

In]  = ] { S C { 1 , . . .  n}:lSl==-r(modm)}l and [HI = l [ n ]  _-2"-1.  
r rn --  ' r 2 2 1 

For explicit formulas of [:]s and [~]10, the reader may consult [$2], [Sul] and 

[ss], 
Throughout this paper, for a real number x we use [xJ and {x} to denote the 

integral and fractional parts of x, respectively. For a, b E Z, as usual (a, b) stands 
for the greatest common divisor of a and b. When a E Z, n E Z + and (a, n) = 1, 
(a) denotes the Jacobi symbol if 2 ~ n; we write qn(a) for (a ~-1 - 1)/n, which is 
often called a Fermat quotient if n is a prime p. For an assertion A we set 

1 i r a  holds, 
(1.3) [A]= 0 otherwise. 

Our first aim is to express the sum [~] m (m > 2) in terms of some linearly 
recurrent sequences whose orders belong to {1} U {qo(d)/2: d ] m & d > 2) where 

is Euler's totient function. Namely, we have 

THEOREM 1: Let Do(x) = 2 and 

Lnl2j 
(1.4) Du(x)= ~ ( - 1 )  i n . n -  x [~j- i  [ o r n E  

n - ,  i 
i=O 
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and 

(1.6) 
Am(x) = I I  x - 4 c o s  2 

O ~ j < m / 2  
(j,rn)=l 

=x~(m)/2 _ alxV(,~)/2-1 . . . . .  a ~ p ( m ) / 2 _ l X  -- a v ( m ) / 2 .  

Then (-1)S-las • Z + for s = 1 , . . . ,  ~ (m) /2 ,  and 

(1.7) Wn(k,m) = alWn_l(k,m) + . . .  + a~(m)/2wn-~(m)/2(k,m) for n e Z. 

Whenever n C N and r C Z, we have 

(1.8) [ n ]  _ _ 2 n + ( - 1 ) r [ 2 1 m ~ : n = O ]  
r m m 

1 
+ - E  l J( w ~+1 n - 2 r ,  d). 

m 
dim 
d~2 

Applying Theorem 1 with m = 4 we find tha t  

4[ n ]  - 2 n : w ( ~ + l ) / 2 ( n , 4 ) : ( - 1 ) ( ~ 2 - 1 ) / s 2  (n+1)/2 f o r n : l , 3 , 5 , . .  
0 4  "'  

consequently 

( - 1 ) ( P 2 - 1 ) / s ( ~ )  ~ = 2 [ ~ ] 4 - 2 p - 1 - - l ( m ° d p )  for any odd prime p. 

This provides a new way to determine the quadrat ic  character  of 2 modulo an 

odd prime. (The author ' s  brother  Z.-H. Sun IS1] employed [P]4 and [P]4 to obtain 
(2) _- ( _ l ) & - : ) / s . )  

Let m > 2 be an integer and p > 2 be a prime not dividing m. From Theorem 

1 we can deduce the following congruence: 

(1.9) 
p--1 

W(p+l)/2(P, m) - (~(m) + #(m)) -~ ~p(m) E #(m/(k ,  m)) ( - - 1 ) k -  1 (modp)  
P k=l  k 

where ~ denotes the well-known MSbius function. 

Our  second goal is to obtain an explicit formula for the sum [~112" This involves 

a special Lucas sequence {S~}ncz and its companion {T~},~z defined as follows: 

(1 .lO) So = 0, $1 = 1 and S n +  1 -[- S n _  1 : 4 S n  

To = 2, T1 = 4 and Tn+I + Tn-1 = 4Tn 

for n = 0 , + 1 , + 2 , . . . ;  

for n --= 0, +1,  -t-2 . . . . .  

It is easy to check that  Tn = 4Sn - 2S~_1 and 6Sn = 2T,~ - T . - 1  for all n E Z. 
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THEOREM 2: Let  n C Z +, 2 ~ n and r E Z. Then 

(1.11) 

1 2  

- 

3 ~ + ( - 1 ) ~ ( ~ ) ( 2 ~  + T o ~ )  

- 3  + (-1)'(%r) _ ~__ ~+1 = (~) (2~-  - T , + I  +T_~A) 
n - k l  r ( n - - r )  _ 2 - -  n~-I 

- 3 - r - + ( - 1 )  ~ (~)(2 2 - T ~ )  

i f  n - 2 r -  ±1 (mod12), 

i f n  - 2r - =t=3 (rood 12), 

i f n  - 2r - ±5 (mod 12). 

The author obtained Theorem 2 in 1988; it has the following application. 

THEOREM 3: Let  n be a posi t ive  integer wi th  (6, n) -- 1. Set  fi = (n - (3))/2. 
Then  

( ) n-1 (_1)k6_~_ (k  i )  (-1) v-~ [ J (-1) k n - 1  

3 k=l ~----i 6 k - 4  + Ek=l k 
6lk~-n 

For any  pr ime  p > 3, we have the congruences 

p-1 

(1.13) £ 3k 
k = l  O<~k<:p/6 

(--1)k ~ --6 ( ~ )  SP 
k p -  

qp(2) (modp) 

and 

(1.14) [ 6~+~] (-1)a (modp). qp(2) - 2(-1) (p-1)/2 E ~_- - ]  
k = l  

Let p > 3 be a prime. The first congruence in (1.13) was announced by the 
author [Sul] in 1995. (1.14) provides a quick way to compute qp(2) modp. In 

1 mod explicitly where r E Z. Section 3 we will determine ~o<k<p ~ p 
- -  1 2 [ k - - r  

We will show Theorems 1 and 2 in the next section. Section 3 contains a proof 
of Theorem 3 and other applications of Theorems 1 and 2. 

2. Proofs of Theorems 1 and 2 

L e t m E Z  + , n E N a n d a , r C Z .  Then 

E a k :  - -  E "Yk-r = 1 E ~ ' -r( l+aT)n" 
m m 

O~k~n k : 0  ~fm=l "Tm=l 
k------r ( r o o d  m )  
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This is (1.53) of H. W. Gould [G]. If p is a prime not dividing m, then we have 

(2.1) E (Pkn) ak- E (k) ak (m°dp) 
O~h~pn O~k~-~n 

h~--pr (rood m) k--Zr (rood m) 

(and in particular [pn] -_ [n] (modp)as observed by A. Granville)because 
pr  m r m 

E "Y-Pr(1 + a@Pn = E 7-P~(1 + aP~/P) n =_ E ~-r(1 + a~/)n (modp). 
,ym:l  3,m=1 3,m:l 

LEMMA 2.1: L e t  k E Z, m E Z + and n E N. T h e n  

(2.2) ml E @ ( 2 + 7 + 7 - 1 )  " =  [k2+nn]m 
3,m=l 

and 

(2.3) £ E "~k(2 "1- ")' ~- ")/-1) n : { 2n } 
m k + n  ,~" 7m=--1  

P r o o ~  Let e E {1 , -1} .  Observe that 

,~k(2 q_ ,.~ _~ ,.~-l)n = ~ @ + n ( 1  + 2,y-1 + ~,-2)n 

2n 

=E E < ° s = E  E e 'v 
s=0 1-e s=0 vm=l -ym=(--1)~-- 

O~s~2n O~s~2n 
m{k+n--s mls--(k+n) 

So (2.2) and (2.3) hold. I 

Remark 2.1: Let k E Z ,  m E Z  + , n E N a n d e E { 1 , - 1 } .  By Lemma 2.1, 

~ ( 2 -  ~ -  <~)~ -- ~ (-~)~(2 + ~ + ~-~)~ 
-'t~ =~ -),~=(_ 1)ms 

[ k + n ] m  if e = ( -1 )  m, 
=(--1)km X ,r 2n } 

otherwise. ( k + n  m 
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For n = 0, 1 ,2 ,3 , . . .  the nth Chebyshev polynomial Tn(x) of the first kind is 

defined by 

cos(n0) = T,(cos 0). 

It is known that  if n E Z + then 

Ln/2] 

T,~+l(X) = 2xTn(x) - Tn_l(x) and 2T,(x) = ~,=o i - l ) /  n n . ~n - , " (2x)n-2i" 

Thus 2Tn(x) = D,~(4x2)(2x) [~tn] for any n • N. 

Proof of Theorem 1: Let yj = cos(j~r/m) and xj = 4y 2 for j • Z. As 

xj - 2 = 2 cos 2r = e m + e -2~r i  

the coefficients of Am(x ~-2) are symmetric polynomials in those primitive ruth 

roots of unity with integer coefficients. Since 

l ~ j ~ m  
(3,m)=1 

we have Am(x + 2) • Z[x] by the Fundamental Theorem on Symmetric Polyno- 

mials, therefore A,~(x) • Z[x]. 

Let 1 <~ s <~ ~(m)/2.  By Vi~te's theorem 

8 

- a . :  Z 
O<Jl <'"<ja <m/2 $=1 

(Jl" "'is ,m)=l 

therefore 

For any integer n we clearly have 

~(m)/2  ~o(m)/2 
n - i  ai ~ Dlk l (x j )x  j = ~ D l k l ( x j ) ~  a "xn-i2 j 

i=1 o<j<na/2 O<j<vn/2 i=1 
(/,m)=l (j,m)=l 

O<j<m/2 O<j<m/2 
( j , v a )= l  ( j , m ) = l  

So (1.7) follows. 
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For each k 6 N, if 2 I k then D k ( 4 x  2) = 2Tk(x); if 2 ~ k then 

D k ( 4 x  2) -- _ _  2Tk(X) T k - l ( X )  + Tk+l(X)  
2x  2x  2 

L e t n C N a n d r C Z .  Then 

Cff CTf 
Ew["+-~-J(n-2r'd)=E E D ' n - 2 ~ ' ( 4 c ° s 2 d - ) ( 4 c ° s 2 d - )  [-~-t] 
dqm dl m O<c<d/2 
d~>2 ( c , d )= l  

= E D [~-J  In_2r I (Xj )Xj  . 
O<j<m/2 

If 2 I n, then 

Ew[~-] (n- 2r'd)= E 2TIn-2rl(yj)x~ /2 
dim O<j<m/2 d>2 

O<j<m/2 

= ~ ~ / ~ - " ( 2  + z + ~ - ~ ) ~ / ~  - 4 ~/~ - ( - ~ ) ~ / ~ - r [ 2 1  m ~ It/2 = 0] 
,.ym= 1 

[ It ] 2 n ( - - 1 ) r [21 rn~n  0] : m  - -  - : n - r  m 

=m[r m 

W h e n  2 ~ n, we have 

Ew[~+-~J (It- 2r'd) -~ E TIn-2ri-l(Yj) + T]n-2rl+l(YJ)x; 
dim 0 < j  <m/2 2y~ 
d>2 

( J ~ )  n21 = E 2c°s(n-2r-1)J~r+2c°s(n-2r+l)  xj 
m 

O<j<m/2 

: E ( 7"~9!-~ + ~ ' ! - ~ )  ( 2 + ' ~ + ' ~ - 1 ) ~ 9 ! - ( 1 + 1 ) 4 " ~  

= r r t  + m - -  n - l - r  m It r m 

[ ] [°] n 2 n 2 ~" =m - = m - 
? ~ - - r  m r m 

This  ends the proof. | 
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Remark  2.2: For any integer m > 2, clearly 

Am ((1 + x)(1 + x - l ) )  = A,~(2 + x + x -1) 

=I I  O<j<m/2 
( j ,m)=i  

=[ I  O<j<m/2 
( j ,m)=l  

x + x - i  - e2" i~  - e - 2 " i ~  ) 

1__ (X__e27ri~m) (X__e_2~riim) - Ore(X) 
x x~('~)/2 

Now we list Am(x)  for 2 < m ~ 12: 

A 3 ( x ) = x - 1 ,  A 4 ( x ) = x - 2 ,  As(x)  = x 2 - 3 x + 1 ,  

A 6 ( x ) - - - x - 3 ,  A T ( x ) = x  3 - 5 x  2 + 6 x - 1 ,  A s ( x ) = x  2 - 4 x + 2 ,  

A 9 ( x ) = x  3 - 6 x  2 + 9 x - 1 ,  A i o ( x ) = x  2 - 5 x + 5 ,  

Aal(x)  = x ~ - 9x 4 + 28x 3 - 35x 2 + 15x - 1, A~2(x) = x 2 - 4z  + 1. 

Let m , n  • Z and m > 2. Clearly wn(O,m) = 2wn(1, m) since Do(x) = 

2Dl(x) = 2. For k, l  • Z we have 

(2.4) w~(k ,m)  = wn(1,m) if k_= +l  (mod2m), 

and 

(2.5)  w ~ ( m -  k , m )  = - w n ( k , m )  i f m  = 0 (mod2). 

(Thus w n ( m / 2 , m )  = 0 when m is even.) This is because 

D,k,(4cos2-~-) ( 2 c o s ~ - ) [ 2 ~ k l = 2 T i k , ( c o s ~ - ) = 2 C O S ( ~ - I r ) .  

When m • {5, 8, 10, 12} (i.e., qo(m)/2 = 2) we will express w,~(k, m) (k, n • Z) 

in terms of several second order recurrences of integers, namely the Fibonacci 

sequence {F~}~ez and its companion {Ln},~ez, the Pell sequence {Pn}nez and 

its companion {Qn}nez,  and the sequence {Sn}neZ and its companion {Tn}neZ 

given by (1.10). The sequences {Fn}.ez, {L,~}~ez, {Pn}nez, {Qn}~ez are defined 

as follows: 

(2.6) 

Fo = O, Fi = 1, Fn+I = Fn + Fn-1 (n = 0, -4-1, ±2 , . . . ) ;  

Lo = 2, L1 -- 1, Ln+l = Ln + Ln-1 (n = 0, ±1,-4-2,...); 

Po = 0, P1 = 1, Pn+l = 2P,~ + Pn-1 (n = 0, + l ,  +2 , . . . ) ;  

Q0 = 2, Q1 = 2, Qn+l -= 2Qn + Qn-1 (n -= 0, + l ,  =t=2,...). 
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It is easy to check that for each n C Z we have 

Fn : - ~  ( ( 1  +-2-~)n ( 1 q-----~)  '~ ) ( ~ ) ' ~  1 - , L n :  + ( ~ - ) ' ~ ;  

1 

Pn - 2vf~ ((1 + v~)'~ - (1 - v~)n ) , 

Sn - 2x/~l ((2 + V~) n - ( 2 -  v/3) n) 

Q,~ = (1 + v ~ )  n + (1 - v~) '~;  

T,, = (2 + , / 5 ) "  + (2 - v ~ )  ~. 

For those m C Z + with ~o(m) = 2 or 4, we give below values ofwn(k, m) (n C Z) 
where 1 <~ k ~< m i f 2 { m ,  and 0 < k < m / 2 i f 2  I m. They can be obtained 
through trivial computations. 

wn(1,3) = 1, w n ( 2 , 3 ) = - 1 ,  w n ( 3 , 3 ) = - 2 .  

wn(1,4) = 2n; Wn(1,6) = Wn(2,6) = 3 n. 

w.(1,5) = L2., w.(2,5) = L2n_l ,  Wn(3,5) = - L 2 n - 2 ,  

w~(4, 5) = -L=,~+I, wn(5, 5) = -2L2,~-1. 

2{n 

2In 

w.(1,8) w,~(2, 8) w.(3,8) w.(1, 10) w.(2, 10) 

2(,~+3)/2pn 2(,~+1)/2Qn 2(n+a)/2pn_l 5('~+1)/2Fn 5(n+l)/2Fn+l 

2n/2Q,~ 2(n+4)/2p,~ 2n/2Q,~_ 1 5n/2L,~  5-/2L,~+1 

w,~(3, 10) = w.(4, 10) = { 5n/2L,~-15('~+*)/2Fn-1 ifif 2ln.2 1 ~ n, 

w,~(1, 12) = wn(4, 12) = Tn, w,~(2, 12) = 6Sn, 

wn(3, 12) = 6Sn - Tn = 2(Sn + S,~-1) = Tn - Tn-1, Wn(5, 12) = Tn-1. 

Proof of Theorem 2: Let k = n - 2r. By Theorem 1, 

12[ n]  - 2 n = E w , ~ + ~ ( k , d ) : b k + c k  
12 - 'g"- 

d]12 
d>2 

where 

bk = w.+_~ (k, 3) + w,,+____,~ (k, 6) and Ck = w n+_~ (k, 4) + w.+__A~ (k, 12). 

Observe that 

u-kl n-bl 
b l =  ~ + 3 T ,  ba = - 2 ,  b~ = ~ 0 , 3 ) - w ~ ( 1 , 6 )  = 1 - a T . ,  
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Also, 
n+l  

Cl = 2 - T  + T.+~, 
2 

%__;o_( = - 2 - w -  + T . + ~  - T ~ - ~ ,  c3 = - w  ~_~a (1, 4) + w 3, 12) "+~ 2 2 

( = - 2 ~ -  + T~-__s~. c5 = - w  ~__~ (1, 4) + w 5, 12) ~+~ 
2 2 

Let l be the unique integer in {1, 3, 5} such tha t  k is congruent to I or - l  

modulo 12. Then bk = bl by (2.4). If k ~- +l  (mod 8), then k -~ +l  (mod 24) and 

hence Ck = cz by (2.4). In the case k ~ +l  (rood24), 12 - k ~ +l  (rood24) and 

hence 

--Ck = W.+@ (4 -- k, 4) + w~_~ (12 - k, 12) = w.+__! (l, 4) + w_~t (l, 12) = cl. 

Thus 

and so 

k2_l~ ,~2_12 ~(~_~) 
C k = ( - - 1 )  ~ Cl = ( - - 1 )  8 Cl 

Since we have computed bl and cl, (1.11) follows immediately. 

3. A p p l i c a t i o n s  o f  T h e o r e m s  1 a n d  2 

Theorem 1 implies the following result. 

THEOREM 3.1: Let m, n C N, m > 2 and n >/g where 6 c {0, 1}. Then 

2n--5 
(3.1) wn(2k+6, m) =9~(m) ~ t t ( m / ( m ' j - k - n ) )  ( 2 n / 6 )  

j=o 99(m/(m,j k n)) 

for a11 k C Z. If  p is a prime not dividing 2m, then (1.9) holds. 

Proof." Let k be any integer. By Theorem 1, 

l [ 2 n - 5 ]  _ 2 2 n -  ~ _ ( _ l ) k + n [ 2 [ l ~ : 2 n = 5 ]  
L k + n  Jt 

= E wL2°-:+lJ(2n - 5 -  2k - 2n, d) = ~ wn(2k + 6,~) 
dl~ tilt 

d>2 d>2 

for all l = 1, 2, 3 , . . . .  Applying the MSbius theorem we then get that  

( d [ 2 n - 6 ]  _ 2 2 n -  ~ _ ( _ l ) k + n [  2 1 d & ; 2 n = 5 ] ) .  Wn (2k +6 ,  m) = 
/ 

dim 
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As m > 2, we have Ed[m # ( ~ )  = 0 and 

E#(md_) = {o~cl(m/2)#(~--~)=O if2if2~m. I m' 
dim 
21d 

Therefore 

2 n - - 5  

(m).r~,,-,,~ : E . ( m )  
dl m dl m j=o 

dlj--(k+n) 

2 n - - 3  

= . t~  - 5 -  

j=O 

For the equality (3.1), it remains to show that for any c E Z we have 

m E.(~)df,~)~j . .,.(m/(~,m>> = ~ o i r n ) ~ m ) ) .  
dim 

This can be verified directly when m is a prime power, also both sides are 
multiplicative with respect to m. So (3.1) holds. 

When n is prime to 2m, we have 

( ) , (;) __n - 1 ~ # ( m / ( m ,  k --Y--'*-I ,~+12 -J ~ 
wn+_~ 2 x  2 + l ,  ra =~P(m)~=ocp(m/(m,k_ ~-12 .,2+1)) 

=~o(rn) E #(m/(m, n - k)) n #(ra/(k, m)) 
- ~ o ( m / ( k , m ) )  

k=0 
n--1 , ,/ .(~/(o, ~)) + .(~/(~, m)) ) + ~(m) ~ .(~/(k, ~)) 

=~o(m) ~ , ~  m)) ~p(m/(n, m)) ~(rn/(k, m)) 
k=l  

= q o ( r n ) + # ( m ) + n ~ ( r n ) E l t ( m / ( k ' m ) )  l ( n - ~ )  
k=l ~(m/(k,m)) ";  k 

If p is a prime with p ~ 2m, then (1.9) follows from the above since 

( 1) 
l = 1-I 1 -  = _ l - p  E =1 (m°dp2) 

o<j~<l o<j~<l 3 

for any / = 0, 1, 2 , . . . , p -  1. We are done. | 

As examples we apply Theorem 3.1 and Theorem 1 with m = 4, 5. 
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COROLLARY 3 .1 :  

(3.2) 

and 

(3.3) 

Let n be a positive odd integer. Then 

(;11) ( -  1)--r- 2-~- - 1  (-1)~ - ( - 1 ) ~  - 

n k~ l  k k= l  k ' 
21k 2~'k 

2 E k = qn(2) + (--1) 
k = l  n 

41k--r 

Proof: Observe that 

wn+1 (n ,4)= [ w~2-~3-(1'4) = 2 - ~  i f n - -  ±1 (mod8), 
[ w~2_~(3,4 ) -2-~ -! if n -- =k3 (mod8). 

Thus, by the proof of Theorem 3.1, we have 

(-1) ~ - ~ 2 ~  -~ - 1 wa~_~ (n, 4) - ~0(4) - #(4) 
n n~(4) 

n-1 l ( k - i ) t t ( 4 / ( k , 4 ) )  ~ (-1)~ ( n - 1 )  
= E ~ ~o(4/(k, 4)) k k - 1 

k = l  k = l  
21k 

( - 1 ) ~ - ~ (  n - 1  ) ~ ( - 1 ) ~ - ~  ( k - ~ )  
= k:~ n~--k n - k - 1  = k=~ k 

2[rt--k 2~k 

This proves (3.2). Clearly 

for r C Z. 

(nk) ~ (nk) n-1 l ( n -  ~) for f E Z ;  1 1 
an(2) = ~nn k=l n k=l k=l k 

2[k--r 2[k--r 

this and (3.2) yield (3.3). I 

COROLLARY 3.2: Let n be a positive integer not divisible by 2 or 5, and 

Kn(r)= forr Z 
5[k--rn 

Then 

(3.4) Fn-(~) -- Kn(4) - K n ( 3 )  
n 
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and 

(3.5) 

Proo~ 

L n + l  

5 -2L~ 

( ~ ) F ~ - I  = ~ K , ~ ( O ) + ~ K , ~ ( 3 ) - ~ K n ( 4 ) - 2  2 
n -~qn(). 

By Theorem 1, for any r C Z we have 

if n -  2r ~ ±1 (modl0) ,  
if n - 2r - ±3 (rood 10), 
if n - 2r - ±5 (mod 10). 

As 5Fj = 2Lj+I - Lj  = Lj + 2Lj_I for j e Z, 5F~_(~) = 2Ln - (5)L~_(~) and 
hence 

n-1 

Fn_(¼) = [4n]5  - [3n]5  = E ( [ 5  , k - 4 n ] - [ 5  I k - 3 n ] ) k (  k -  ~) .  
k= l  

So (3.4) follows. 
Observe that  

J ~ w ~  (i, 5) -- Ln+l -- 3Fn + F,~-I 
(n, 5) w~_~ 

w ~  (3, 5) = -L~-I = -3F,~ + Fn+I 

Thus, by the proof of Theorem 3.1, we have 

if n ~ +1 (mod 10), 
if n -= ±3 (rood 10). 

( ( 5 )  ) n-1 1 ( k ~ )  #(5/(k,  5)) 
In 3 F ~ + F , ~ _ ( ~ ) - 3  = 4 E ~  ~(5/(k,  5)) 

k=l  

=4Kn(0) - (Kn(1) + K~(2) + K~(3) + Kn(4)) = 5Kn(0) (1 + 1) n - 2 
n 

This, together with (3.4), yields (3.5). | 

Remark 3.1: Let p be an odd prime. Various congruences for Fp_(~)/p rood p 
can be found in [W], [SS] and [$3]. In 1995 the author [Sul] showed that  

__ 2 1 ( - - 1 )  k - 1  
-- E k2k -- =~ 2qp(2) + E (--1)k (modp),  

P k=~ k=l k k O<k<p/4 

which was reproved by Z. Shan and Edward T. H. Wang [SW], and extended by 
1 k-1 W. Kohnen [K]. Therefore 2(2(p-1)/2pp - 1)/p =- ~--~0<k<p/4(- ) / k  (modp).  

As 

4 Q p = 4 / 1 +   //p2/mod / 
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Qp2_@) _ 4 = 8Pp2_(~) --- 0 (modp 2) and hence 

Pp_(_~) = Pp - ~ Q p _ ( ~ )  - pp  - (modp2). 

Thus 

p p _ ( ~ )  _ ( 2 ) p p  _ 1 (-1)  k-1 qp(2) 

p - p ~- E 2k 2 
O<k<p/4 

(3.6) 

--21 E (-1)kk (modp). 
p/4<k<p/2 

Theorem 2 has the following consequence. 

THEOREM 3.2: Let n be a p o s i t i v e  o d d  integer. Then 

(3.7) [n] 2n-'-1 [3{n+r] /  ..-=.+~..-, ) 
r 6 -- - - 3  + 2 ( ( -1)L--T-J3--~-  + 1 for r E Z. 

P r o v i d i n g  n ~ 3 (mod 6) we  h a v e  

( 3 - ) 3 ~  - 1 1 ( -1) [  3 J - 1 (-1)  k n -  1 
(3.8)  n __ _ k = 3  k 3 k - 1  " 

n -2 k=l  k=l  

Proof ' .  As 

In]  = [n]  + [ n ] and ( r + 6 ) ( n - r - 6 )  
r 6 r 12 r + 6  12 2 

(3.7) follows from Theorem 2. 
Now assume that (6, n) = 1. Clearly 

- -  3 k  3 k - 1  
k-~l k=l = 

6[k 61k--3 

o-o+  
[ o ] 6 -  1 -  [ i ]6  ( - 1 ) [ - ~  ~J - ( - 1 ) [  6 J , , _ ,  1 - 1 

- -  ~ 3 2 __ n 

n 2n n n 
and 

- 

-= 1 (mod2), 
2 

n - i  

k+l ( ) ~ ( ~  ( k )  n-1 l ( k ) )  (-1)L-~-J n -  1 1 
E = - - E -  k k - 1  n n 
k=l v=-i k=l k=1 

6 l k - r  61k- - r - -3  

n _ n 1 r 6 ' r l - l - r 6 ' n - r l  [ I J [ I ] 

~ n n 

n--1  
1 . . . . .  2 r + l  2 2 

= E [ 3 { n + r J ( - 1 ) t  6 j3 -z -  _ 
n n n 

1) 
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This completes the proof. | 

n Remark  3.2: For n C Z + and r E Z, [r]m in the cases m = 4, 5 ,6 was also 

determined by the au thor ' s  brother  Z.-H. Sun [S1] but  he did not present unified 

formulas like (3.3) and (3.7). 

From Theorem 2 we can also deduce the following result wri t ten in number- 

theoretic language. 

n be a positive integer prime to 6. Set ~ = (n - (3 ) ) /2 .  For THEOREM 3.3: Let 

any r C Z we have 

k=l 
(3.9) k_--~ ( ~ o d ~ )  

{ I+(-1)L~](2~S&4_ 1+3(-I) [~j 6 Tn-2(-~) if3{n+r, 
_(_2 5 s~ - _ [6 ~T~-2(~) i f3  I n + r. 

k n ]  n k n ]  6 n  

Proof'. Let 5~ = [6 I r] + [6 I n - r] = [n - 2r -- i n  (mod 12)], and 

A t = 6  ~ ( - 1 ) ~ k ( k - ~ ) - 2 ( 2 )  ( 2 ~ - ( 2 ) ) .  
k : l  

k ~ r  (mod 6) 

Then 

A, + 2 ~  - 2 + 6 5 ,  =6 ( - 1 ) ~  = 6 ( - 1 1 ~  n 
r 6 k=0 

61k-r 

where in the last step we note tha t  

k ( ~ . - k )  r ( n - r ) _  k -  

2 2 2 

k 2 - r 2 k - r 
n 2 - 6 (mod 2) 

if k -= r (mod6) .  In view of the above and Theorem 2, 

- T ~ I  

[°]) - - 2 2 

r + 6  12 

if n - 2r -= +1 (rood 12), 

i f n -  2r _-- =t=3 (rood 12), 

if n - 2r = J=5 (rood 12). 

Observe tha t  

6S~_z - T~_~ = T~__~ - Tn-1 = 3T~-1 - T . - 3  = 6S~-1 + T~-~. 
2 2 2 '~ 2 ~ T 2 
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Proof of Theorem 3: Applying (3.9) with r = 3 , - n  we obtain that 

n--1 (--1) k(%-k) ( k  - ~) Z k ([6 I k -  3] - [6 I k + n ] )  
k = l  

= - ( 6 )  T'~-2(6)6n:- + (2)Sn__ + ( 6 )  T a - 2 ( 6 )  _ ( 2 )  S~__ 

If k = 3 (rood 6) then 

k ( n - k )  _ n - k _  n - 1  k + 3  
2 2 2 6 

(mod 2); 

if k = - n  (mod6) then 

_ k + n  k ( n -  k) _ k + n k = 1 (mod2). 
2 2 6 

Thus (1.12) follows. 

Now suppose that p is a prime greater than 3. Applying (3.9) with r = 3, we 
find that p divides Tp - 2(6). Observe that 

12S 2 = ((2 + 45)P + ( 2 -  45)p) 2 - 4 ( 2  + 45)P(2 - 45)P 

÷ 4  

So p I S~ and p2 [ T~ - 2(6). 

Notice that 

6S +~ - T.+I =6S,~I + T ~  =6S~+ ( ~ )  T~ 

6 

- 2 4 5  ((2 + 4 5 ) ~  - (2 - ~ ) ~ )  + (2 + 4 5 ) ~  + (2 - 4 5 ) ~  

=(1 + 45)(2 + 4 5 ) ~  + (1 - 45)(2 - 4 5 ) ~  

~-~ ((1 + 45) 1+2"%~- + - - - 2 - 2  (1 45) l+m2~-P~-) 

=2- ~ ~ (45? + (-457 
k=0 
21h 

= 2 - 2 -  2 + 2 -  ~ p 
k=l 2k \2k-l]" 
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Therefore 
p - 1  p - 1  

3 k 3 k p -  1 = 1 r_~ 
- ~ - - ~ " k - ~ k - ( 2 k - l )  p ( 2 2  ( 6 S , + ( 3 )  T , ) - 2 )  

k = l  k = l  

- -6-2  2 - - +  T# + 
P P p- 

s~ ~ sp 

Taking r = 0, 3 in (3.9) we then have 

( - l ) k  (6~ 11) ( ~ ) 2 4  _(2) (2)S,  (6)T,-2(6) 
E 6k - - 2  

and 

14) (;) ~ . ~  ~_ - 2 ~ - ~ . 
k = l  

Consequently, 

1 ( - 1 )  k 

o<k<p/6 

and (1.14) holds. This completes the proof. 

1 2 Sp (modp) 

| 

Remark 3.3: Let p > 3 be a prime and I~ = ( p -  (3))/2. 
Theorem 3, 

~ (~,-~(~/) ~ 

Since 2Sr:_! = 4Sr_~+~ - Tr_~ and 2S +~_~ = 8Sr_:_! - 2Se_~ = 4Sr_=~ + Tr_~, 
2 2 2 2 2 2 2 2 

P P ~p = P (modp).  

As Sp_(~) = S2p = S~Tp, we have 

Sp_(~) 2 S~ S~ T~ - 2(~) 2 3 p2 (modp4). 

By the proof of 
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Note also that 

because~  = S ~ 2  
2 

153 

Sp-@)p _ - 4 ( ; ) S P  ( m o d p ) p  

3 2 2Sp)2 (modp2). - = - - + ~pJ~ (v+(~))/2 
p In [SS] Z.-H. Sun and Z.-W. Sun employed the sum [~] 10 to determine when 

P I F(p-1)/4 ifp is a prime with p - 1 (rood4). 
Let p > 3 be a prime. We assert that 

(3.10) p lS[~41 ] ~ p--1 ,19 (mod24); p[T[e~_] ~ p=-7,13(mod24). 

Put n = [p+__AJ. Clearly 

T2~= ( (2+  V~)~ - (2 - v~)n)2 + 2(2+ X/3)n(2 - V/3)~ = 12S 2 + 2. 

If p -= 5,11 (rood12), then p + (3) = 4n, hence p ~ S. and p ~ T~ because 
SnTn = $2~ =- (2) (modp) by Remark 3.3. When p = 1,7 (mod12), clearly 
4n = p -  (3) = 2p, therefore 

PlS= ¢=:~Tp=12S2+2==-2(modp), i.e.,p ] 2 ( ~ )  - 2  

e=:~ ( ~ )  = ( ~ ) , i . e . , p - i ,  i9(mod24), 

and 

T~ = S¢/S,~ -- 0 (modp) -' . '. p~ S,~ ¢=~ p = 7,13 (mod24) 

since S~ _= 0 (modp) and 2r~ - 12S~ = 4 ~ 0 (modp). 

COROLLARY 3.3: Let p > 3 be a prime. Let r C Z, 

1 { 1 i fr  =- 0,1 (mod6), 
(3.11) Kp(r, 12)= ~ ~ and e~= -1  i f 3 I r + l ,  

o<k<p 0 otherwise. 
v a l k - - r  p 

Then 

(3.12) 

2 + (_l)t /2J 
(-1)r-lKp(r,  12) ~ 12 %(2) + [3 ~ r + 1](-1) ['/3j %(3) 

8 

+er(-l)L"/2J (;)S(P-(P3-))/22p (modp). 
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Proof'. By Theorem 3.2, 

[6 ] rp] + [61p- rp] + P ~ -~ 
0 < k < p  
6lk-rp 

=[rPp]6 2P-1-13 + [3~p+rP]2 ((-1) 3 + . 

Since (Pt 1) - (-11 t (modp) for l = 0, 1 . . . .  ,p - 1, and 

~ (~) ( qp(a) = a ~  + P -~ 2 P (modp) 

for any integer a ~ 0 (modp), we have 

(-1) k-1 qp(2) 
~ k 3 O < k < p  

61k--vp 

: -  2p (-1-)  3 + 1- - 2[r - O, 1 ( m o d 6 ) ]  

_ [ 3 * r +  1] . ( ) 2p (-1)l~J (-1)le~6+~J3r-~-I =---[3~r+l](-1)t~Jqp(3) 
= 4 

Set 10 = (p - (I))/2. As T~ _= 2(6) (modp2), Theorem 3.3 implies that 

k(p--k) 

E (-1)k ~ (-1)k-1 qp(2)g 

(modp). 

If k =- rp (mod6), then 

2 - T  p +  2 - T  
Thus 

2 ( - 1 ) r p - l K p ( ?  ", 1_2) = E 
O < k < p  
6[k--rp 

(-1)k-1 (1 +(-1) l~l+k(~-k)) 
k 

:qp(2) +[3{r+l](-1)[~]qP~ +(-1)[~]  (qp~2--~) +s~ (~)  ~ )  (modp), 

O<k<p 
6[k--rp 

( ~ )  ~ ( l + ( - l ) U ~ + ~ J [ 3 ~ r + l ] - [ 3 , r + l ] ) ( m o d p ) .  
- -  2 

Clearly |~p+l| L 3 J = [5] (mod2) i f 3 ~ r + l ,  so 

1 + (-1)1"~ +'j 
[ 7 ]  ] 2 [ 3 { r + l ] - [ 3 1 r + l ] =  2] g & 3 { r + l  - [31 r+ l ] - - -E~ .  
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which is equivalent to (3.12). | 

Remark 3.4: Let p > 3 be a prime and r be an integer. Clearly 

p--1 
1 12 12 

E == E T=E + p 3 r • r + l  r p < l < ( r + l ) p  k = l  
]"2 P<J < ~2-P 121~ 1 2 l k + r p  

-= 12Kp(-r ,  12) (modp). 

Thus, for a = 1, 5, 7, 11 we can also deduce the congruence 

Bp_l (~2)  - Bp_l =- Sp_(.}) + 3qp(2)+ ~qp(3) (modp) 

given in [GS] from our Corollary 3.3, where Bp-1 = Bp-l(0) ,  and Bp- l ( x )  de- 

notes the Bernoulli polynomial of degree p - 1. If 0 ~< r < 12 then we can 
p--1 determine ([NBj) modp 2 since 

-.()  (-1)[r~ J p - 1  ~ l - p  ~ 1 (modp2). 
[~pJ L_, 0<j<~p 

p--I p2 The reader may consult [Su2] for l-Io<k<n/2 ([~-p]) mod where n is any positive 

integer not divisible by p. 
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